arXiv:gr-qc/9706072vl 23 Jun 1997 


Instability of cosmological event horizons of 
non-static global cosmic strings 


Anzhong Wang * 

Departamento de Fisica Teorica, Universidade do Estado do Rio de Janeiro, 
Rua Sao Francisco Xavier 524, Maracana, 20550-013 Rio de Janeiro - RJ, Brazil 

and 

Observatorio Nacional - CNPq, Rua General Jose Cristino 77, 

Sao Cristovao, 20921-400 Rio de Janeiro -- RJ, Brazil 

Jose A.C. Nogales 

Instituto de Fisica, Universidade Federal Fluminense, 

Av. Litoranea s/n - Boa Viagen, CEP 24210-340 Niteroi - RJ, Brazil 

and 

Instituto de Fisica, Universidad Mayor de San Andres (UMSA) , 

Casilla 3553, La Paz - Bolivia 


*e-mail address: wang@syinbcoinp.uerj.br 
t e-mail: j nogales@portela. if. uff.br 


1 



Abstract 


The stability of the cosmological event horizons found recently 
by Gregory [Phys. Rev. D54, 4955 (1996)] for a class of non-static 
global cosmic strings is studied. It is shown that they are not stable 
to both test particles and physical perturbations. In particular, the 
back reaction of the perturbations of null dust fluids will turn them 
into spacetime singularities. The resulted singularities are strong in 
the sense that the distortion of test particles diverges logarithmically 
when these singular hypersurfaces are approaching. 

PACS numbers: 98.80.Cq, 04.20Jb, 04.40.-|-c. 
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I. INTRODUCTION 


Topological defects formed in the early Universe have been studied exclusively 
[Q], since the pioneering work of Kibble [Q]. They were formed during phase 
transitions of the Universe, where the degenerated vacua acquired non-zero 
expectation values. Depending on the topology of the vacua, the defects could 
be domain walls, cosmic strings, monopoles, textures, or the hybrids of them. 
Among these defects, cosmic strings have received particular attention mainly 
because of their cosmological implications: They might provide the seeds for 
the formations of galaxies and the large-scale structure of the Universe |^. 

Cosmic strings are further classihed as local (gauge) and global strings, 
according to whether they arise from a local symmetry breaking or a global 
symmetry breaking. These two kinds of strings have very different properties. 
In particular, the spacetime of a local (static) string is well behaved and 
asymptotically approaches a conical spacetime @], while the spacetime of 
a global static string is necessarily singular at a hnite distance from the 
symmetric axis, and its dehcit angle diverges logarithmically Q. It is this 
undesirable property that make global strings very difficult to use, and most 
studies of cosmic strings have been restricted only to local strings [|l|. 

However, local strings are tightly constrained by their contribution to 
the gravitational radiation background while global cosmic strings cir- 
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cumvent this constraint and may have similar cosmological implications [0]. 
Lately, Banerjee et al. [|| and Gregory p studied non-static global strings, 
and some interested results were found. In particular, Gregory showed that 
the spacetime singularities usually appearing in the static case can be re¬ 
placed by cosmological event horizons (GEH) [|. This result is very impor¬ 
tant, as it may make the structure formation scenario of cosmic strings more 
likely, and may open a new avenue to the study of global strings. 

In this paper, we shall study the stability of the GEHs found above by 
Gregory p|, and shall show that in general they are not stable against small 
perturbations, instead are turned into spacetime singularities. Does this 
mean that the hope that time-dependence might remove the singular nature 
of global static string spacetimes is already found negative? We think that 
it is not, at least as far as the work of Gregory is concerned. As a matter 
of fact, Gregory considered a very particular case: the energy-momentum 
tensor of the string is still time-independent. As a result, no gravitational 
and particle radiation exists. For more general case, one would expect that 
GEHs may not be formed at all, or even they are formed but stable. As we 
know, in the cylindrical case gravitational and particle radiation in general 

always exists. It is plausible to expect that in some situations the radiation 

^Note that Gregory called the horizons as event horizons. However, to be distinguish¬ 
able with the ones of black holes, following Gibbons and Hawking 0 , we call them 
cosmological event horizons. 
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is so strong that the gravitational held is well dilated before any spacetime 
singularity or horizon is formed. 

The rest of the paper is organized as follows: In Section II we shall briehy 
review the main properties of the spacetimes studied by Gregory 0, while 
in Section III null dust huids of test particles are studied, which indicate 
some singularity behavior of the spacetimes near the CEHs. In Section IV 
we consider “physical” perturbations of real particles, and conhrm the results 
obtained in Section III. Here “physical” is in the sense that the back reaction 
of the perturbations are taken into account. Finally in Section V we derive 
our main conclusions. 


II. SPACETIME FOR NON-STATIC GLOBAL 
COSMIC STRINGS 


For a straight cosmic string, we can always choose a coordinate system that is 
comoving with the string so that the spacetime in this system has a cylindrical 
symmetry. If additionally we require that the string has no rotation, the 


metric for such a spacetime takes the general form |11 


ds'‘ = - a^e-^*deP, 


( 2 , 1 ) 


where 7,-0 and a are functions of t and R only, and t,R,z and 9 are the 
usual cylindrical coordinates. 
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By requiring that the string has hxed proper width and that the spacetime 
has boost symmetry in the {t, ; 2 )-plane, Gregory managed to show that the 
spacetime for a U(l) global string (vortex) is given by 


j = 2a{R) + b{t), 'll) = a{R)+ b{t), a = (2.2) 


where a{R) and c{R) are two arbitrary functions, and b{t) is given by 

f ln[cosh(/3t)], ±/3t, 6o > 0, 

b{t) = < bilnt, bo = 0, (2.3) 

[ ln[cos(/3t)], bo < 0, 

where bo and bi are arbitrary constants, and (3 = y|6o|- from Eqs. (|2.1|) 
and ( |2.2|) we can see that, by introducing a new radial coordinate r via the 
relation 

r = (2.4) 


the metric (|2.1|) can be written in the form 


ds"^ = - dr'^ - - C\r)de‘^, (2.5) 


where y4(r) = a{R{r)) and C{r) = c{R{r)). This is exactly the form used by 
Gregory 0. 

As shown by Gregory, the spacetime inside the core of a string is always 
singular at a hnite distance for the cases 5o < 0, and has a GEH for 6o > 0. 
In fact, in the latter case the metric coefficients have the asymptotic behavior 

(3(ro-r), G(r) ~ Gq + O(ro - r)^ (2.6) 
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as r —> Tq , where Cq is a constant [cf. Eq.(3.14) in Ref. 9]. For the choice 
h[t) = ln[cosh(/?t)], the corresponding metric takes the form 


ds^ 





{j3t)dz^ 


— dr"^ — C^dO'^, 


(2.7) 


in the neighborhood of the the hypersurface r = tq. One can show that the 
singularity appearing at r = ro in Eq. (|2.7|) is a coordinate one. This can be 
seen, for example, by making the following coordinate transformations 


X = 

1 

O 

cosh(/dt) cos{Pz 

Y = 

(ro - r) 

cosh(/3t) sin(/32;) 

T = 

1 

O 

sinh(/df). 


then the metric (|2.7|) is brought to the form 


ds^ = dT^ - dX'^ - dY^ - C^d9\ 


(2.8) 


(2.9) 


which is locally Minkowski. Thus, the singularity at r = ro in the coordi¬ 
nates {t, r, z, 9} is indeed a coordinate singularity and represent a cone-like 
CEH in the coordinates {T, X,Y,9}, as one can see from Eq. (|2.8|) that the 
hypersurface r = ro is mapped to 

^2 = T\ {r = ro). (2.10) 

For the details, we refer readers to 
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For b{t) = ±/9t, the corresponding metric takes the form 


= /3^(ro - rf \dt^ - 


dr^ 


CldO^. 


( 2 . 11 ) 


One can show that the singularities appearing at r = ro in the above metric 
also represent CEHs. In fact, if we make the coordinate transformations 


T 

X 

Y 


-(r„ - r) 
l(r„ - r) \l3h^e^‘ 


(5{rQ — r)ze^^, 


+ 2sinh(/dt) , 
— 2 cosh(/3t) , 


( 2 . 12 ) 


for b(t) = +l3t, the metric (|2.11|) will be brought to the exact form of Eq. (p.9|) , 
while if we make the same transformations as those of Eg. ( |2.12| ) but with t 
being replaced by —t for b{t) = —fdt, the metric (|2.11|) will be also brought 
to the same form, Eq.( |2.9|) . Therefore, in the latter two cases the hypersur¬ 
face r = tq all represents a CEH. The topology of it is also conical in the 
Minkowiski-like coordinates (T, X, Y, 6), as one can show from Eg. (p.l2| ) that 
Eq. (|2.10|) is satished, too. 

Before proceeding further, we would like to note the following: a) For the 
coordinate transformations given by Eq. (|2.8| ), the mapping between {t,r,z) 
and {T,X,Y) is not one-to-one, while the one given by Eq. (|2.12|) is. b) The 
nature of the CEHs in all these three cases is quite similar to that of the 


extreme Reissner-Nordstrom black hole [O, in the sense that across r = tq 























the coordinate t remains time-like, while r remains space-like, c) in the 
neighborhood r = ro bnt with r > tq, Eq.( ^^ should be replaced by 

e^h) ^ C[r) ^ Cq +0{r - {r > tq). (2.13) 


Substituting Eqs. 


and ( p.l3|) into Eq. (|2.4|) , we hnd 


r iln[/?(r - ro)], r > tq, 
1 -^ln[^(ro -r)], r < Tq, 


(2.14) 


which shows that i? is a monotonically increasing function of r, except for 
the point r = tq, at which R diverges. 

In the following, we shall consider the stability of these CEHs in two 
steps: First, in the next section we shall consider test particles near the 
CEHs along a line suggested by Helliwell and Konkowski (HK) in the study 
of the stability of quasiregular singularities [|T^], at the aim of generalizing 
the HK conjecture to the case of CEHs. Second, in Sec. IV we shall consider 
perturbations of null dust fluids. These perturbations are different from the 
ones studied in Sec. HI, in the sense that the back reaction of them to the 
spacetime backgrounds will be taken into account. 


III. TEST NULL DUST FIELDS NEAR THE 
CEHs 


In a series of papers HK studied the stability of quasiregular singularities 
by using test helds. In particular, they conjectured that if one introduces a 
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test field whose energy-momentum tensor (EMT) calculated in a freely-falling 
frame mimics the behavior of the Riemann tensor components that indicate 
a particular type of singularity (guasiregular, non-scalar curvature, or scalar 
curvature), then a complete non-linear back-reaction calculation would show 
that this type of singularity actually occurs. Recently, this conjecture was 


further generalized to the stability of Cauchy horizons [jl^. Clearly, if this 
conjecture is true, the stability analysis of spacetime singularities would be 
considerably simplified. In this section, using HK’s ideas we shall study test 
null dust fields near the CEHs. 

For a null dust fluid moving along the outgoing null geodesics defined by 
in the region r < tq, the EMT takes the form 


rjn-out out 
fiu r— 


(3.1) 


where is a null vector dehned as that in Eq.( |A.l^) . Then, from the 
conservation equations = 0, we find 


6^1"^ + 3kl'(r)') + f ^ = 0, 


pOut 


which has the solution 


pOut 


out{0) ait-b{t) 

pOut _ H- ^ 


(3,2) 


(3.3) 


(ro — r)3-“i//3 ’ 

where (),a;= d/dx, a prime denotes the ordinary derivative with respect to 
the indicated argument, and Oi and are two constants, while A{r) and 
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b(t) are given, respectively, by Eqs.(pT6|) and ( p.3|) . Projecting onto the 
PPON frame defined by Eqs.(A.6) and (A.7), we find that the non-vanishing 
components are given by 


rp—OUt 
^ ( 0 ){ 0 ) 


O'ut(O) ait—b(t) 

_ rji — out rp — OUt r — ^ _ 

“ ^(1)(1) “ ^(0)(1) “ _ ^)3-ai//3 


X 




E[E2 -/?2(ro - r)2]V2 i' 


(3.4) 


,^/?2(ro-r)2 

Clearly, for b{t) = ln[cosh/?f], pt, we have to choose ai = P in order to have 
the perturbations be hnite initially {t = —oo), while for b{t) = —pt, we have 
to choose Oi = —/3, namely. 


Oi = 


/3, b{t) = ln[cosh/3f], pt, 

—P, bit) = —pt. 


(3.5) 


Eqs.( p.4|) and (|3.5|) show that all the components diverge as r —>■ r,7 for 
all the three different choices of b{t), which indicates that if we take the 
back-reaction of the null dust fluid into account, the CEHs appearing on the 
hypersurface r = ro in the solutions (p.7|) and (|2.11|) will be turned into space- 
time singularities, provided that the HK conjecture still holds here. Since all 
the corresponding fourteen scalars constructed from the Riemann tensor are 
zero in the present case, the resulted singularities would be expected to be 
non-scalar curvature singularities. 

In addition to the out-going null dust fluid, if there also exists an in-going 
null fluid moving along the null geodesics dehned by E, i.e.. 


rp — in ] 

piU ~ P- 


(3.6) 
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where is defined by Eq.(|A.12|), then, from the conservation eqnations 


= 0 , one can show that p!? is give by 




(rQ — 7-^3+ao /p ’ 


(3.7) 


where Oq and are other two integration constants. Then, the non¬ 

vanishing tetrad components of are given by 


rji—in 
^ ( 0 ){ 0 ) 


_ rp—in _ rp—in 


pMO) ^aot-b(t) 




X 


+ 


— pJ3+ao//3 

-;g2^ro -r)2]V2 ^ i' 


(3.8) 


' lP(rt>-r)P 

Similar to the out-going case, to have the perturbations be finite initially 
(t = — 00 ), we have to choose oq = oi, where ai is given by Eq. (|3.5|) . Then, 
from Eq. (^. 8 |) we can see that these components also diverge. Since now we 
have 

^out An 


T-^-'T- = 2p°“V- = 


2[aot-b(t)] 


(3.9) 


(ro - r)‘ ’ 

which always diverges as r —>■ we can see that the resulted singularities 

should be scalar curvature ones when the two null dust fluids are all present, 
where 


n~'— — '~p—out I rp—in 

^ fii/ — fii/ iiu * 


(3.10) 


Similarly, we can consider test null dust fields in the region r > tq, and 
will obtain the same conclusions. Thus, the above considerations suggest 
that all the CEHs appearing in the solutions (^) and (|2.11|) are not stable 
against perturbations for all the three different choices of b{t) with 60 > 0 . 
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IV. PERTURBATIONS NEAR THE CEHs 


In this section, let us consider perturbations of null dust fluids near the CEHs. 
For the sake of convenience, we shall work with the coordinates t and i?, in 


terms of which the metrics ( p.7|) and (|2.11|) can be cast in the form 


ds^ = e-^(o) {de - dU^) - 


-h(. 




(4.1) 


where 


11(0) = 2/?i?, h(o) = (3R- b{t) - In Co, 

$(o) = -^R + b{t)-\nCo, (4.2) 

for r < Tq, and 

11 ( 0 ) = — 2/3i?, h(o) = — [PR + b(t) + In Co] , 

$(o) = PR+ b{t)-In Co, (4.3) 


for r > To, and the function b{t) is given by Eq. 


As shown in [O, the null dust fluids given by 




(4.4) 


have contributions only to the metric coefficients gu and qrr. Specifically, if 
we set 

{fl, h, $} = {fl(o) + f{u) + g{v), h(^o), <I)(o)} , (4.5) 
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the metric 

ds^ = e-^{dt^ - dR^) - e-^{e^dz^ + (4.6) 

will satisfy the Einstein held eqnations — g^yR/2 = with and 
p*” being given, respectively, by 

= p'(n)h., r = fin)hu, (4.7) 

and now 




t + R 


t — R 


u = 


V = 


(4.8) 


72 ’ 72 ’ 

and f{u) and g{v) are arbitrary fnnctions of their indicated argnments. Note 
that althongh now takes the same form as that considered in the last sec¬ 
tion, it has fnndamental difference: now it acts as a sonrce of the spacetime. 
As a resnlt, the back reaction of it is antomatically fnlly taken into account. 
When f{u),g{v) and their hrst derivatives are very small, the two dust huids 
can be considered as perturbations of the spacetime given by Eqs.(|4.1|) - (|4.3|) . 
In the following, let us consider the three cases b(t) = In [cosh (/3f)], +pt, —(3t, 
separately. 


A. b(t) = ln[cosh(/3f)] 
In this case, Eqs.(^^ - ( ^Aj) yield 

n = f~{u) + g~{v)+2(3R, 
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h = /3i? — ln[cosh(/3t)] — InCo, 

$ = —/9-R + ln[cosh(/9t)] — InCo, (4.9) 


for r < ro, and 


^ + g"^{y)-2(3R, 

h = — {/5i? + ln[cosh(/9f)] + In Co} , 
$ = /?i? + ln[cosh(/5t)] — InCo, 


(4.10) 


for r > ro- Snbstitnting Eqs.(^^ and ( [4.10|) into Eq.(|4^), we find 


^out ^ 


I3e^^g '{ 


a/2 cosh f3t 

out _ Pe-P^g+'{v) 


1 P- = 


/3e ^7 \u) 


, {r < ro), 


a/2 cosh I3t 

^ (4,11) 

a/2 cosh (3t a/2 cosh f3t 


Note that it is not necessary to take f~{u) and g~{v) the same forms as 
/■*■(«) and g~^{v), since now we consider the pertnrbations in both sides of the 
hypersnrface r = tq independently. However, to have physically reasonable 
pertnrbations, we reqnire 


g '{v) < 0, g+\v) > 0, 

f-\u) > 0, f+'{u) < 0, 


(4.12) 


so that and are all no negative. 

When f^{u), (y'^(n) and their Erst derivatives are very small, the radial 
time-like geodesics given by Eg. (|A.6|) wonld be a very good approximation of 
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the corresponding ones of the metric ( [4.61) . Consequently, the tetrad frames 
given by Eqs. (|A.6|) and (|A.71) would serve well as the corresponding PPON of 
Eq.( |4.6|) . Projecting the EMT onto this frame, we hnd that the non-vanishing 
tetrad components of it are given by 


T± 

^( 0 )( 0 ) 

^(o)(i) 


T± 

^(i)(o) 


{d^ayi + D4A)pt‘), 

{D^(A)(fS - D.(A)pt} , (4.13) 


where p!^, p°^*‘ are given by Eqs.([4.1I|), and 


D^{A) = 


^ [ ^2A 


1 / 2 ' 


1 2 


(4,14) 


with A being given by Eqs.( p.6|) and ( |2.13| ). Clearly, as r —*• tq, these compo¬ 
nents all diverge. Note that in writing the above expressions we have used the 
fact that f^{u) and g^{v) are very small to set exp{f^{u)+g^{v)} = 1. This 
will be also the case for other two cases to be considered below. Combining 
Eqs.( [4.1ID with Eqs. (|4.13|) and (|4.14|) , we can see that the perturbations are 
hnite at the initial t = —oo, but all will focus into a spacetime singularity 
when they arrive at r = tq. That is, the perturbations turn the CEHs into 
spacetime curvature singularities. The nature of the singularity is a scalar 
one. This can be seen, for example, from the Kretshmann scalar. 
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(4.15) 


which diverges like (tq — t)“^, as r —>• tq, as long as f^'{u)g^'(v) ^ 0, as 
one can show from Eqs. (|A.9| ) and ( |A.1CI|) . When only the ontgoing nnll dnst 
flnid exists, the singnlarity degenerates to a non-scalar curvatnre singnlarity, 
as it can be shown that now all the fonrteen scalars made ont of the Rie- 
mann tensor are zero. However, in any case the singnlarity is strong in the 
sense that the distortion, which is equal to the twice integral of the tetrad 
components of the Riemann tensor, becomes unbounded, for example, 

P± , , I /■ f 1 

-^( 0 )( 2 ){ 0 )( 2 )“™''' — 


cosh j3t 


^^'(n)ln(ro -r). 


(4.16) 


as r —>■ tq. It is interesting to note that, although the tetrad components 
of are singular as r —»• tq, the scalar T^'^T^y does not. In fact, from 


Eq.( 4.13 ) it can be shown that 


n-\:L _ O _ 

— ^{a){b)-^ —^P±P± — 


(^0 -r). 


(4.17) 


as r 


2 cosh (3t 

tq. Thus, the formation of the spacetime singularity is mainly due 
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to the focus of the corresponding gravitational helds. This is different from 
what we can get from Eg . (13.91) for the test particles. 


B. b(t) = +pt 


When b(t) 


+Pt, from Eqs. - (^751) we hnd that 


n 

h 

$ 

for r < tq, and 

Q 

h 

$ 


/ {u)+g (v) + 2pR, 
-(3{t-R)-\nCo, 
(3{t- R) -\nCo, 

r{u)+g^iv)-2i3R, 

— (3(t + i?) — In Cg, 

(3(t + R) — In C*o, 


(4.18) 


(4.19) 


for r > rg. Substituting Eqs.( [4.18|) and (|4.19|) into Eq.(|477|), we hnd that 


,r‘ = -V2l3g-'(v), p“ = 0, (r < r„) 

pT = 0, pV” = -V2/3/+'(«), (r > r„). (4.20) 


The above expressions show that in the region r < rg now there exists only 
outgoing dust cloud, while in the region r > rg only ingoing. With the same 
arguments as those given in the last subsection, we take the tetrad frames 
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given by Eqs. (|A.6|) and ( |A.7|) as a good approximation to the corresponding 
PPON of Eq. (|4.6|) , when /^(n), and their Erst derivatives are very 

small. Then, projecting the EMT onto this frame, we find that the non¬ 
vanishing tetrad components of it are given by 

^( 0 )( 0 ) = ^(T)(i) = -^( 0 )( 1 ) = (r < ro). 


v/2 


T+ 


= T, 


mn) = > ’^o), (4.21) 


( 0 )( 0 ) - ^( 1 )( 1 ) - ^( 0 )( 1 ) - ^2 


with A being given by Eqs. (p.6|) and (|2.13|) , and D± are defined by Eq. (14.14j) . 
Clearly, as r —^ tq, these components all diverge, although at the initial 
t = —cxo, r ^ To they are hnite. That is, the perturbations, similar to the last 
subcase, turn the CEHs into spacetime curvature singularities. The nature of 
the singularity is a non-scalar one, as one can show that now all the fourteen 
scalars built from the Riemann tensor are zero. However, the singularity is 
strong in the sense that the distortion diverges like ln(ro — r) as r —^ tq, as 
we can see from the following integrations, 

;D-(A)dTdT 



1 

f f 

_/ 

9 

(n) 

\/2/3 

J J 

(ro - 

- r)' 

rsj 

ln(ro 




I y ■^(0){2)(0)(2)'^'^'^'^ ~ 

1 

// 

1 + 

(u) 

ro)' 

rsj 

ln(ro 





-D^{A)dTdT 


(4.22) 
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C. b{t) = -(3t 

When b{t) = —(3t, Eqs. (|4^ ) - (|4^ ) yield 

n = f~{u) + g~{v)+ 2pR, 
h = (3{t + R) — \nCo, 

$ = + -inCo, (4.23) 

for r < Vq, and 

^ = f^iu) + g^(v) - 2/]R, 
h = pit- R) - \nCo, 

$ = -Pit- R) -XnCo, (4.24) 


for r > vq. Substituting Eqs.( |4.23D and (|4.24|) into Eq.(|4?^), we find 


p“‘ = 0, pi” = V2Pf-'{u), (r < r„), 

p" = V2Pg+\v), p“ = 0, (r> r„). (4.25) 


Thus, in the present case in the region r < ro there exists only ingoing dust 
cloud, while in the region r > only outgoing. Therefore, now the dust 
clouds cannot be considered as perturbations, but rather than as emission of 
null fluids from the CEHs. To study the stability of the CEHs in this case 
we have to consider other kinds of perturbations. However, the following 
considerations indicate that they may be not stable, too. Projecting the 
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EMT onto the frame given by Eqs.( |A.6|) and ( |A.7|) , we find that 

= = -^D+{A)f-'{u), (r < ro), 


^(0)(0) 


T+ 

^{0)(0) 



= r+= -T,;,,!, = -^D+(A)g^'{v), (r > r„). (4.26) 

From Eq.( 4.14 ) and the above expressions we can see that the back reaction 


of the emission also turns the CEHs into spacetime singularities. Similar to 
the last subcase, the nature of the singularity is a non-scalar one but strong, 
as the distortion also diverges as r —>• tq, 

1 r r f-\u) 


-^( 0 )( 2 )( 0 )( 2 ) ^Tdr 


-^J))(2)(o)(2) d-rdr 


V2(3 J J (ro - r)2 
ln(ro - r), 

1 f f g^\v) 


^/2(3 J J (r - ro)2 

ln(ro - r). 


D^{A)dTdT 


D_{A)dTdT 


(4.27) 


Thus, for the perturbations that have non-vanishing components along the 
ingoing null geodesics dehned by in the region r < rg, or for the perturba¬ 
tions that have non-vanishing components along the outgoing null geodesics 
dehned by in the region r > rg, we would expect that the CEHs will be 
turned into spacetime singularities. 


V. CONCLUDING REMARKS 


In this paper, we have considered the stability of the CEHs for a class of 
non-static global cosmic strings found recently by Gregory |Q, and found 


21 










that they are not stable against perturbations. In particular, the back re¬ 
action of null dust fluids will turn them into spacetime singularities. Thus 
resulted singularities are strong in the sense that the distortion of test par¬ 
ticles diverges when these singular hypersurfaces are approaching. 

Recently, we have shown that the CEHs of topological domain walls are 


also not stable against massless scalar held and null dust huids [p!7 


Thus, a natural question is that: Are all the cosmological event horizons not 
stable? If some are but others not, what are the criteria for them? It was 
exactly this consideration that motivated us to study the test particles in Sec. 
Ill, at the aim of generalizing the HK conjecture to the study of the stability 
of the CEHs. Comparing the results obtained in Sec. Ill with the ones 
obtained in Sec. IV for real perturbations, we can see that the HK conjecture 
can be used directly to the study of the stability of CEHs (as far as the 
examples considered in this paper are concerned), except for the case where 
b(t) = ln[cosh(/3f)]. In the latter case, although the study of the test particles 
gives a correct prediction for the nature of the resulted singularities, but the 
quantity for test particle diverges, while for the real perturbations it 

does not. As a matter of fact, the divergence of the Kretschmann scalar is 
mainly due to the non-linear interaction of gravitational fields for the real 
perturbations. Clearly, to properly form the conjecture, more examples need 
to be considered. 
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Finally, we would like to note that although the CEHs found by Gre¬ 
gory are not stable, and after the back reaction of perturbations is taken 
into account, they will be turned into spacetime singularities, the hope that 
the time-dependence of the spacetimes for global cosmic strings may remove 
the singular nature of the corresponding static ones has not been shown com¬ 
pletely negative. As we mentioned in the introduction, the class of spacetimes 
considered by Gregory is not the most general spacetimes for non-static global 
cosmic strings. In some cases, one may expect that the gravitational and par¬ 
ticle radiation is so strong that the gravitational field of a global string may 
be well dilated before any spacetime singularity or event horizon is formed. 
Spacetimes with cylindrical symmetry are quite different from those with 
spherical symmetry. As a matter of fact, in the former case gravitational 
radiation generally always exists. 

APPENDIX 

In this appendix, we shall briefly review some main properties of the space- 
times given by 

- dr^ - - C^{r)de\ (A.l) 

where A, b and C are arbitrary functions of their indicated arguments. 
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The corresponding Lagrangian of the radial geodesics is given by 


1 

2 



2 


(A.2) 


where an overdot denotes the ordinary derivative with respect to the param¬ 
eter r of the geodesics. For time-like geodesics, r can be identified as the 
proper time of the test particles. Since C. is independent of t, the quantity 
E given by 



(A.3) 


is an integration constant, which represents the total energy of the test par¬ 
ticles for time-like geodesics. Substituting Eq.(|A.lj|) into Eq.(|A.2|), we find 





(A.4) 


where e = -fl corresponds to the out-going geodesics, while e = —1 to the in¬ 
going geodesics. By properly choosing the parameter r, we can always make 
2C = -|-1,0, —1, respectively, for time-like, null, and space-like geodesics. In 
the following, we shall consider only time-like geodesics. Then, the motion 
of the test particles has the first integral 



(A.5) 


Denoting the tangent vector to the geodesics by A^q^, 


A", = -^ = Mf + ‘rK = 


(A.6) 


24 












we can construct other three orthogonal space-like vectors 


Aj",, = + M", 

Aji, = AJ-3|=C-‘(r)^f. (A.7) 

Then, it can be shown that 

~ ~ 0) (bi ~ O’ 1)2,3), (A-8) 

where rjij is the Minkowski metric. The above equations show that the four 
unit vector form a freely-falling frame or parallel-propagated orthogonal 
frame (PPON) along the time-like geodesics. 

For the particular solutions of A{r) given by Eqs.(|2.(j|) and 
has the following integration, 

g2/3t ^ 'To + T ^ ^ 

To - r 

for r < To, and 

-roY = -T^), 

^20t ^ Tq + T ^ ^ (A. 10) 

To - T 

for r > tq, where tq is chosen such that when r —> tq, we have r ^ tq. 

On the other hand, the corresponding Kretschmann scalar to the metric 


(™,Eq.(^) 
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(|A. 1|) is given by 


7^ = = 4 


'cV (A'C' 


+4 [2{A' + + [yl'2 _ {p" + . (A.ll) 


Choosing a null tetrad frame, on the other hand, as 

1 o“(^) 




72 


+ ij). 


= 


= 


= 


1 pa.{R) 

(e-'^X - K) = -yfA - X 
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1 

TIL' 

1 

TIL 


T2 


^A{r)+bit)^z _ 


we find that the non-vanishing Weyl scalars are given by 

1 


^2 = 


rC, 


fii'XS 


- FAm^rh^ 


C 

^ M I till I ii2\-2A 


^0 = = -3^2, 

4/4 = -C^^x5n^'rn''Am^ = - 34 / 2 - 


Thus, we have 


vl/gVl/^ = 9\]>^ 


(A.12) 


(A. 13) 


(A. 14) 


Then, according to the theorem given in |]^, we find that the metric (|A.1|) 
is always Petrov type D, except for the degenerate case where 4/2 = 0, which 
is Petrov type O. 
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Finally, we would like to note that (n^) defines an ingoing (outgoing) 


radial null geodesic congruence 
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